ABSTRACT. Instead of the invariant theory approach employed by Beloshaoka and Mamai for constructing the moduli spaces of Beloshapka's universal CR-models, we consider two alternative approaches borrowed from the theories of equivalence problem and Lie symmetries, each of them having its own advantages. Also the moduli space M (1, 4) associated to the class of universal CR-models of CR-dimension 1 and codimension 4 is computed by means of the presented methods.
the spaces M (1, 4), M (1, 5) and M (1, 7) were considered by Beloshapka, himself, in [1] . The nontrivial properties of the topological structure of the moduli spaces enables one to introduce a series of some new CR-characteristic classes.
As is shown in [2, Corollary 7] , two model surfaces are holomorphically equivalent if and only if they are linearly equivalent. This significant fact has a key role in [1] and [9] to establish the method of constructing the desired moduli spaces. Indeed by taking this fact into account, Beloshapka and Mamai employed some powerful techniques from linear algebraic groups and invariant theory ( [17] ), based on the Hilbert basis theorem and rational quotients, for computing the invariants of the desired moduli spaces. We refer the reader to these two papers for more details of this method.
The goal of this paper is to set up two alternative approaches -instead of that from invariant theoryfor computing the desired invariants of the mentioned moduli spaces, namely the approach borrowed from the theory of equivalence problem and the approach borrowed from the theory of Lie symmetries. Our original impulse for this investigation came from the long memoir [19] . Each of the three approaches from invariant theory, Cartan equivalence problem, and Lie symmetry has its own advantages.
The first approach comes from the theory of equivalence problem initiated for the first time byÉlie Cartan [6] . The algorithm devised by Cartan and subsequently developed by Chern and Moser in [7] is a powerful method to solve the biholomorphic equivalence problem between nondegenerate CR-manifolds. The major advantages of using this approach lies in the facts that:
• In this approach we do not need to know any considerable fact or feature of the under consideration CR-models.
• It is more systematic and manageable by computer softwares.
The second approach relies on computing the symmetry Lie algebras of the under consideration CRmodels, what is called by the Lie algebras of infinitesimal CR-automorphisms in the terminology of CRgeometry. This second approach enjoys the following two advantages:
• By means of the algorithm designed in [20] , one can proceed the most complicated part of the associated computations, namely computing the already mentioned symmetry algebra, by the aid of the known computer softwares like MAPLE.
• Once one computes the associated symmetry Lie algebras, then it is possible to bypass a major part of the Cartan algorithm for finding the final structure equations of the equivalence problem. However, computing the mentioned Lie algebras of infinitesimal CR-automorphisms by means of the classical methods is in fact complicated and time-consuming (cf. [3, 10, 14, 19, 21] ). In particular, the size of the computations grows extensively as soon as the number of the CR-dimension or codimension grows even by one. Nevertheless, recently in [20] we have designed a powerful algorithm to compute the desired algebras by employing just some simple techniques of linear algebra and of the modern theory of comprehensive Gröbner systems instead of constructing and solving some PDE systems arising in the classical method.
One should notice that in this paper we do not aim to confirm the Beloshapka and Mamai's results of their papers [1, 9] , but our aim is to introduce two alternative approaches for computing the invariants of the desired moduli spaces. Then, here we only consider the first appearing moduli space M (1, 4) . This paper is organized as follows. In section 2, we present required definitions, results and terminology of the theories of Cartan equivalence problem and Lie symmetry. In sections 3, we employ the Cartan algorithm for constructing the invariance of the moduli space M (1, 4). Finally in section 4, we consider the second approach of Lie symmetries for the similar construction. We observe that the achieved single invariant of the moduli space M (1, 4) is precisely that computed by Beloshapka and Mamai in [1, 9] .
2. PRELIMINARIES 2.1. Cartan equivalence problem. The main goal in the theory of equivalence problem, is to determine whether two given geometric structures can be mapped bijectively onto each other by some diffeomorphism. This problem can be considered in many different contexts, such as equivalences of submanifolds, of differential equations, of frames, of coframes and of several other geometric structures. Unifying the wide variety of these seemingly different equivalence problems into a potentially universal approach,Élie Cartan showed that almost all continuous classification questions can indeed be reformulated in terms of specific adapted coframes (see [15] ).
Seeking an equivalence between coframes usually comprises a certain initial ambiguity subgroup G ⊂ GL(n) related to the specifc features of the geometry under study. The fundamental general set up is that, for two given coframes Ω := {ω 1 , . . . , ω n } and Ω ′ := {ω ′ 1 , . . . , ω ′ n } on two certain n-dimensional manifolds M and M ′ , there exists a diffeomorphism Φ : M −→ M ′ making a geometric equivalence if and only if there is a G-valued function g :
Cartan's algorithm comprises three interrelated principal aspects: absorbtion, normalization and prolongation. Nevertheless, the outcomes of this procedure is often unpredictable.
In brief outline, starting from:
one has to find the so-called structure equations by computing the exterior differential:
Inverting (1), one then has to replace the first term dg ∧ Ω ′ by:
where ω MC is the so-called Maurer-Cartan matrix form of the associated structure group G:
that one decomposes according to a basis α 1 , . . . , α r of left-invariant 1-forms on G, with r := dim R G, by means of certain constants a i js . Moreover, one has to express the second term dΩ ′ above, which is a 2-form, as a combination of the ω j ∧ ω k . Usually, this step is costful, computationally speaking. Now, the structure equations are received a form like:
where, the appearing functions T i jk , which are called by torsion coefficients, usually reveal appropriate invariants of the geometric structure.
The first two major parts absorbtion and normalization of the Cartan algorithm are based on the following fact: 
for some arbitrary functions z • • on the base manifold M . Thus, one does pick the functions-coefficients z s j in order to absorb -usually to a constant integer like 0, 1 or i -as many as possible torsion coefficients in the Maurer-Cartan part, then the remaining, unabsorbable, (new, less numerous) torsion coefficients become true invariants of the geometric structure under study. Such absorbtion leads one to determine some certain group parameters in an appropriate way and hopefully at the end of several possible normalization-absorbtion loops, one reduces the structure group G to dimension 0, getting a so-called {e}-structure.
But if, as often occurs, it becomes no longer possible after several absorption-normalization steps to determine a (reduced) set of remaining group parameters, then one has to add the rest of Maurer-Cartan forms α • to the initial lifted coframe Ω and to prolong the base manifold M as the product M pr := M × G. Surprisingly, Cartan observed that (see [15, Proposition 12.1] ) the solution of the original equivalence problem can be derived from that of M pr equipped with a new larger coframe. Then, one has to restart the procedure ab initio with such a new prolonged problem. This initiates the third essential feature of the equivalence algorithm: the prolongation. For a detailed presentation of Cartan's method, the reader is referred to [15, 19] .
Infinitesimal CR-automorphisms.
Consider an arbitrary real analytic generic CR-manifold M ⊂ C n+k of CR-dimension n and codimension k, represented in coordinates (z 1 , . . . , z n , w 1 , . . . , w k ) with w := u + iv as the graph of some:
for some real valued polynomial functions Φ • . According to definition, a (local) infinitesimal CRautomorphism of M , when understood extrinsically, is a local holomorphic vector field:
The collection of all infinitesimal CR-automorphisms of M constitutes a Lie algebra which is called the Lie algebra of infinitesimal CR-automorphisms of M , denoted by aut CR (M ). The compact Lie group
Aut CR (M ), associated to this algebra is in fact the holomorphic symmetry group of M , the local Lie group of local biholomorphisms mapping M to itself. Determining such Lie algebras aut CR (M ) is the same as knowing the CR-symmetries of M , a question which lies at the heart of the (open) problem of classifying all local analytic CR-manifolds up to biholomorphisms.
In our case of the universal CR-models, where it is assigned to each coordinate variable a so called weight degree (cf. [2, 20] ), it can be plainly proved that ( [2, 20] ) the sought algebra aut CR (M ) of a CR-model M is finite dimensional and takes the finite graded (in the sense of Tanaka) form:
where each component g t is the Lie subalgebra of all weighted homogeneous vector fields having the precise weight t. In this case the (negative) Lie subalgebra g − is in fact the Levi-Tanaka algebra of M and its associated compact Lie group
The classical approach of determining the already mentioned Lie algebras aut CR (M ) of each universal CR-model M relies on constructing and solving some arising PDE system which has the role of the so-called determining PDE system in the general theory of Lie symmetries (cf. [3, 14, 19, 10, 21] ). The construction and solving these systems is quite complicated and time-consuming, in particular as much as the number of variables increases. Nevertheless, very recently in [20] we have designed a powerful algorithm enabling one to compute the desired algebras without constructing or solving any PDE system and just by employing some simple techniques from linear algebra and the modern theory of comprehensive Gröbner systems. This algorithm and its implementation in the MAPLE software will be a great aid to proceed the computations pertinent to our second approach, will be discussed in section 4.
FIRST APPROACH: CARTAN EQUIVALENCE PROBLEM
In this section, we attempt to employ the Cartan's algorithm for computing desired invariants of the moduli spaces. We explain this approach by computing the single invariant of the moduli space M (1, 4).
Our motivation behind employing this method in the case of the moduli spaces of universal CR-models came from §12 of the long memoir [19] , where it is studied the equivalence problem of totally nondegenerate CR-submanifolds in C 4 to their unique universal CR-model, namely the 5-dimensional CR-cubic of the type (1, 3) . Launching the classical algorithm of Cartan, first we need to construct an initial frame on the complexification of the under consideration CR-models.
3.1. Constructing a frame. For two integers a ∈ C and b ∈ R, let M (a, b) ⊂ C 1+4 = C{z, w 1 , w 2 , w 3 , w 4 }, with z = x + iy and w k = u k + iv k , k = 1, . . . , 4, be a six (real) dimensional Beloshapka's CR-model of CR-dimension 1 and codimension 4 represented as the graph of four defining polynomials:
Each pair (a, b) ∈ C×R represents a distinct universal CR-model M (a, b) of the fixed type (1, 4). Without loss of generality, one can assume throughout this paper that a is a nonzero complex integer. Indeed, the case (a, b) = (0, 0) is discarded since in this case, one easily checks that M (0, 0) is not totally nondegenerated. Moreover, it is easy to verify that all CR-models M (0, b) with b = 0 are holomorphically equivalent to the unique model M (0, 1) throughout the very simple transformation w 4 → bw 4 . Let us denote by C (1, 4) the class of these universal CR-models. According to [5, 11, 13] and for a fixed model
Then, applying this equality on the above four defining polynomials Ξ 1 , . . . , Ξ 4 and computing the coefficients A • give:
Here, the expression of L is presented as a vector field which lives in a neighborhood of M in C 5 , while M itself, is a real 6-dimensional surface equipped with the six real coordinates x, y, u 1 , u 2 , u 3 , u 4 . Thus, in order to express L intrinsically, one must drop
. . , 4 and also simultaneously replace each v k by its expression in (6) . Then, after expanding L in real and imaginary parts one gets:
While this vector field generates the (1, 0)-complex bundle T 1,0 M , its conjugation:
is, as well, the single generator of the (0, 1)-complex tangent bundle T 0,1 M = T 1,0 M . So far, two vector fields L and L are in fact the first elements of the sought frame for the complexified bundle C ⊗ T M . But still we need 6 − 2 = 4 more independent complex vector fields to finish the construction of this frame. The totally nondegeneracy property of the under consideration universal CRmodels enables one to compute the remaining necessary vector fields as the iterated Lie brackets of L and L (see [2, 9] for the precise definition of totally nondegeneracy). At first, let us compute the length two Lie bracket [L , L ]. By plain computation, one finds it as an imaginary vector field. In order to get a real one, let us multiply it by i:
Next, computing the length three iterated brackets gives:
At the moment, we need just one more independent vector field. For this, computing the length four Lie bracket [L , S ] brings the expression:
Due to the fact that a = 0, then one can consider the last sought vector field as the real one:
A glance on the expressions of the already computed six vector fields shows that they are linearly independent and thus we have;
The Lie commutators of the computed vector fields are displayed in the following table:
Passage to a dual coframe and its Darboux-Cartan structure. Now let us introduce the coframe:
What we need at this step of launching the Cartan's algorithm of equivalence is to initially know the expressions of the five 2-forms dµ 0 , dσ 0 , dσ 0 , dρ 0 , dζ 0 , dζ 0 in terms of the wedge products of the original 1-forms µ 0 , σ 0 , σ 0 , ρ 0 , ζ 0 , ζ 0 . For this aim, we need the following well-known duality correspondence;
. . , L n on an open subset of R n enjoying the Lie structure:
where the a k
are certain functions on R n , the dual coframe {ω 1 , . . . , ω n } satisfying by definition:
enjoys a quite similar Darboux-Cartan structure, up to an overall minus sign:
Thanks to this Lemma, minding the overall minus sign, we can readily find the expressions of the exterior derivatives of our five 1-forms that provide the associated Darboux-Cartan structure:
3.3. Ambiguity matrix. After providing the initial frame {L , L , T , S , S , U }, now we can think about constructing the so-called ambiguity matrix of the under consideration equivalence problem, what encodes the equivalences of two arbitrary elements of the CR-class C (1, 4) . Suppose that two given arbitrary CR-models M := M (a, b) and M ′ := M (a ′ , b ′ ) belonging to this class are CR-equivalent through some local biholomorphism:
Then, the associated differential of h, namely:
induces a push-forward complexified map, still denoted with the same symbol:
which is naturally defined by (see [5, Subsection 3.1]):
Now, assume that our new equivalent CR-model M ′ is equipped by the complex frame {L ′ , L ′ , T ′ , S ′ , S ′ , U ′ } with the expressions similar to those of M in new coordinates (z ′ , w ′ 1 , w ′ 2 , w ′ 3 , w ′ 4 ). Since any biholomorphic equivalence h satisfies (see [11] ):
then one accordingly deduces that h maps the single generators of T 1,0 M and T 0,1 M as:
for some nonzero complex functions a 1 defined on M ′ . Next, let us look at what happens with Lie brackets. Since the differential operator commutes with brackets, we have:
and by expanding this last bracket one obtains:
for some new appearing complex function a 2 defined on M ′ . Proceeding along the same lines of computations, one also finds the image of the next basis fields S , U and U as:
for some complex functions a 3 , . . . , a 9 defined on M ′ .
3.3.1.
Still some more simplifications. Having U as a real vector field implies on the one hand the equality h * (U ) = h * (U ). On the other hand, due to the intrinsic properties of the diffeomorphism h one has:
Now, it follows immediately after comparison the above equal expressions of h * (U ) and h * (U ) that:
Thus, with minor modification on the indices one finds the following expression for h * (U ):
for the functions a 1 and a 7 as above and for some real-valued function a 6 . Still there is another useful fact comes from comparing the coefficients of the real vector field U ′ in the both sides of the equality h * (U ) = h * (U ). Accordingly we have a 1 a 3 1 = a 3 1 a 1 which immediately implies that a 3 1 a 1 is real and Lemma 3.3. The nonzero complex function a 1 enjoys the equality:
which equivalently means that a 1 is either real or imaginary, a fact that will have a great influence to simplify the next computations throughout this section. Summing up the results and according to the expressions (9) -(12), one finds out that there exists a local biholomorphism h between two arbitrary CR-models M, M ′ ∈ C (1, 4) if and only if the associated moving frames can be mapped to each other as follows through some complex functions a 1 , . . . , a 7 :
3.4.
Setting up the equivalence problem. According to the general principles ( [15] ), the so-called lifted coframe in terms of the dual basis of 1-form then becomes, after a plain matrix transposition:
In this case, the collection:
G := g : a 6 ∈ R, a k ∈ C for k = 6 and a (6) constitutes a matrix Lie group which is called the structure group of the equivalence problem.
3.5. Structure equations. Let Θ := (µ, σ, σ, ρ, ζ, ζ) t and Θ 0 := (µ 0 , σ 0 , σ 0 , ρ 0 , ζ 0 , ζ 0 ) t be the lifted and initial coframes as above. Then the lifted coframe structure (13) can be read as:
Differentiating this fundamental equality gives:
The first term in this expression of dΘ can be written in the form:
in which after necessary computations and summing with g · dΘ 0 one receives:
Here, ω MC is the Maurer-Cartan matrix associated to our structure Lie group G constituted by the following Maurer-Cartan 1-forms 1 α • :
Thanks to Lemma 3.3, here α 2 is a real 1-form and:
which means that α 1 is real, too. Then, one can replace α 1 by α 1 in the structure equations (15) . In the expression of dΘ in (15), the second terms, namely the last 6 × 1 matrix, is the only part which still includes the initial 2-forms of dΘ 0 . However, it is possible to express the 2-forms dµ 0 , dσ 0 , . . . , dζ 0 as some certain combinations of the wedge products of µ, σ, σ, ρ, ζ, ζ by regarding first the equality Θ 0 = g −1 · Θ, namely:
Inserting the obtained expressions in (15) and taking it into account the equality α 1 = α 1 , one finally receives the so-called structure equations of the problem as: (17) dµ := 4 α1 ∧ µ+
fully expressed in terms of the wedge products of the Maurer-Cartan and lifted 1-forms and without remaining any initial form among them. Saving the space, here we do not present the explicit (some of them long) expressions of the appearing torsion coefficients T • , U • , V • , W • , though one can find them in the MAPLE worksheet [18] . Nevertheless, we present each of these expressions as soon as we require it in the next steps.
One just notices that a glance on these expressions reveals that amongst them, V 2 is a real function while T 2 and V 4 are imaginary. Moreover, here the coefficient c of σ ∧ ζ in the expression of dµ is equal to 3.6. First-loop absorbtion and normalization. After providing the preliminary requirements, now we are ready to start the process of Cartan's algorithm. As the first step, we have to apply the absorbtion and normalization parts based on the results of Proposition 2.1. Accordingly, let us replace each Maurer-Cartan form α • by:
for some arbitrary coefficient-functions p k , q k , r k , s k , t k , u k . These substitutions convert the structure equations (17) into the form:
In the situation that all p k , q k , r k , s k , t k , u k are regarded as arbitrary coefficient-functions, one can determine them in such a way that the appearing coefficients either vanish or being equal to a constant integer as much as possible, the procedure which is called by normalization. For instance, with s 1 = u 1 = t 1 ≡ 0 and
T 1 , the coefficients of µ ∧ σ, µ ∧ σ, µ ∧ ρ, µ ∧ ζ and µ ∧ ζ in the first expression dµ vanish, identically. Nevertheless, to normalize as much as possible the appearing coefficients in the above expressions and besides appropriate determination of the coefficient-functions p k , q k , r k , s k , t k , u k , one also has to normalize torsion coefficients: (19) T2 = − A careful look at the expressions of these essential torsion coefficients shows that they can be normalized to zero when one puts:
By such determination of the group parameters, the only remaining group parameter is a 1 and hence the structure equations (17) take the simple form:
and c as (18) . Applying any other normalization procedure is useless and thus one has to start the prolongation step. Moreover, as a consequence of the Cartan's Lemma (see [15, Exercise 1.33] ) the single remaining MaurerCartan form α is the unique 1-form satisfying the above structure equations.
3.7. Prolongation. Once the six group parameters a 2 , . . . , a 7 normalized to zero, the original structure group G is reduced to the 1-dimensional matrix Lie group G red of the matrices: = 0, to the structure equations (20) . Hence, the final structure equations of this new prolonged space readily manifest themselves as:
for the constant integer c as above.
Although slightly far from our main purpose in this section, but it may be worth to notice that the above structure equations, achieved as the output of the Cartan's algorithm, also reveal the so-called structure constants of the Lie algebra aut CR (M (a, b) ) of infinitesimal CR-automorphisms associated to M (a, b). More details about the structure constants of a Lie algebra are presented in subsection 4.1, below. (M (a, b) ) of infinitesimal CR-automorphisms of M (a, b) is a 7-dimensional algebra with the basis dual to the coframe {µ, σ, σ, ρ, ζ, ζ, α} and with the structure constants as those visible in (21).
Proposition 3.4. The Lie algebra aut CR
3.8. Reformation of the coframe. The constant invariants appeared in the latest structure equations (21) give us some sufficient conditions for the biholomorphic equivalence of two elements of the class C (1, 4) . But, to find a collection of necessary and sufficient invariants of this problem, one should reform the lifted coframe (µ, σ, σ, ρ, ζ, ζ) into a more adaptive one (cf. [15, Chapter 8] ). To this aim, first we need to divide the procedure into two distinct cases b = 0 and b = 0. with g −1 = Span R L, L , with g −2 = Span R T , with g −3 = Span R S, S and with g −4 = Span R U . Here, we do not need the explicit expressions of these vector fields though one can find them in [18] . After providing the structure of the Lie algebra g(r, b), now we are ready to plainly compute the structure equations associated to G(r, b). Consider (µ ′′ , σ ′′ , σ ′′ , ρ ′′ , ζ ′′ , ζ ′′ ) as the dual coframe of (U, S, S, T, L, L).
Then according to (26), the structure equations of G(r, b) are:
(28)
At this moment, proceeding along the same lines as subsection 3.8 by applying the simple substitutions ζ ′′ → 1 r ζ ′ and ζ ′′ → 1 r ζ ′ and afterwards the substitutions:
with dropping all ′′ from the notations, one receives the structure equations (28) as:
Here, one observes the analogous of these structure equations to the output (21) of the Cartan's algorithm without the Maurer-Cartan form α. Thanks to Proposition 3.6 and to save the space, let us continue with the assumption that b = 0. Then, applying the substitution µ → 2b µ new and subsequently applying:
